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DUCTION.

Let Xn :={1,2,...,n}. An antichain on n points is a collection of sub-
of Xn such that no inclusion holds between any two of them. If A is a

ction of subsets of Xn then we define

A+

AC

{BCXn|3AeA:ACB}

{Bc X |B¢ A}
n

AS = {B c X_|X \B ¢ A}
n n
A% (B c A|BsA=A¢A)

that the definition of +, ¢ and c depends on n.]

The operator + c max permutes antichains and has an inverse ¥ c min
11). In BROUWER & SCHRIJVER [ 1] the question was raised to determine
>ssible lengths of the orbits under this operator for given n. For

this is quickly done (here we write 13 instead of {1,3} etc.):

one orbit of length 2 : @, {@}.

one orbit of length 3 : @, {1}, {@}.

one orbit of length & : @, {12}, {1,2}, {8}
ad one orbit of length 2 : {1}, {2}.
¢, {123}, {12,13,23}, {1,2,3}, {0};
{1}, {23}, {12,13}, {1,23}, {2,3} and
two others starting with {2} resp. {3}.

four orbits of length 5

4 : 2, 3 and 6
5:2, 3, 7, 16 and 27

n = 6 : more than sixty possible lengths are

engths occurring are for n

n

\; an exhaustive search for all possibilities has not yet been feasible.

In general, the question of which periods (=lengths of orbits) occur
| certain n seems to beuntractable. Therefore we attacked this problem
the other side and ask for all n such that a given period p is pos-—

» for an antichain on n points. This note solves the easiest nontrivial

.al case: p = 2.




M. A dual pair of antichains on n points exists iff n # 1 and n # 3.

two antichains A and B are called dual if
valently 2f A = B

A = B#cnmx 1 B = A¢cnmx

and
¢cmax= B¢cnun.)

>reviously the following special cases of this theorem were known:

even
=5,
=7,

]
—
—

-

(see[ 1], addendum) °
{12,23,34,45,51} (seel1], p.10)
{124,125 and cyclic permutations of these}l

the configuration A

1l

the configuration A
(found independently by the PDP8/I computer (executing a
heuristic search program), two students of Prof. VAN LINT:
B.J. BRAAMS & H.D.L. HOLLMANN and A.E. BROUWER & A. SCHRIJVER.
B| = 21.]

a configuration consisting of 4-tuples found by A. SCHRIJVER

[Here |A| = 14 and

with geometrical arguments about the affine plane with 9 points.
Also a configuration consisting of triples found by A.E.BROUWER
and reproduced in the appendix. This example showed that an
antichain on n points with period 2 need not consist entirely
of either [%J - or of [E%l]-tuples.

existence proof by M.M. KRIEGER [2]; many (structureless) ex-
amples found by the PDP8/I.

lhe experience with a conversational program on the PDP8/I computer

1 that for larger n pairs of dual antichains exist in abundance. It

cs that comparatively few m-sets are needed to cover all larger and

naller sets; if to both A and B enough m-sets are assigned, the re-

1g m-sets can be assigned arbitrarily, always obtaining a dual pair

tichains. [Here and in the sequel m = [%ﬂ.]

for example, if n = 4 and {12,34} < A, {13,24} < B, then the pairs 14

3 can be assigned arbitrarily, giving rise to the two different orbits

agth 2: {12,34}, {13,14,23,24} and {12,23,34}, {13,14,24}.

OF THE THEOREM

Define Y
n

kT {A c xnl |A] = k}.




7irst we give a characterization of antichains with pe
P

ne yn,k:
SITION 1. Let A and B be antichains on n points contat
A and B form a pair of dual antichains iff:

(z) AuB=Y
n

sk
(38) Yo uy € AT and ¥ o, < B
i4d) Yo g <A and ¥y < B
. Obvious. 0

It is easy to find dual antichains on an even number o

SITION 2. Let n = 2m,

P
1

{A eV | |AnX | evenl,
n,m m

o’
B. :={AeVY_ _| lAnX_| odd}.
0 n,m m
+c max Ycmin

By = Ao - Ao

. Obvious. g

To get a solution for odd n we need some freedom in th

ions for even n:

SITION 3. Let AO and BO be as in proposition 1. Let C
nd let C € C. If C s different from X and X \X ther.

c'\{c}

cvient

eicht = chier.

:fore C\{C} has period 2.




By symmetry it is enough to prove (C\{C})T = CT\{C}. Suppose

u {f} and F ¢ (C\{C})+. Then for each ¢ ¢ C the numbers
c}) u {f}) n Xm| and |CnXm| have different parity. If f € X this
that C = Xn\Xm, and if f ¢ Xm then it follows that C = Xm; but these

1st the excluded cases. O

"he freedom allowed by this proposition allows the construction of

ons for odd n. (Remember the notation A< = {AS|AcA}).

SITION 4. Let n-= 2m, AO and BO as before.

o
=]
]

2k then AO = A%’and BO = B%. If C is any element of BO then
A := A0 u {C} and Bl:= BO\{C} form a dual pair of antichains in Vn,
such that C € A1 and X \C e B1 . [Note: such a C exists iff k > 0.]
If m = 2k+1 then A0 = B% and BO = A%..If C Zs any element of AO dif-
ferent from X \X_ then A]:= AO\{C} and B]:= BO u {C} form a dual pair
of antichains in Vn’ such that both C and X _\C are in B] . [Note:

such a C exists iff k > 0.]

2fine in both cases:

A .
B

A and B form a dual pair of antichains on n + 1 points.

{A € Vn+l’m|(n+l € A and |AnC] even) or A ¢ Al}
{A € Vn+],ml(n+l € A and |AnC| odd) or A € Bl}'

1

. The statements about Al and B] follow from proposition 3 and the
that if m = 2k then both X and Xn\xm lie in AO’ while if m = 2k+]
X e B, and X \X ¢ A_. The cardinalities of A_ and B are

m 0 n m 0 0 0

%{Zm} (m odd)
m

%[€?J +(_l)m/2 ) %[m72] (m even)




(m odd)

2m m/2 m
1 - (- .1
z{rn] (-1 2[m/2] (m even),
|b | > 0 iff k > 0 and |A | > 1 iff k > 0.
Next we have to prove that both A" ana B' cover Vn+] e et F =
b
1. Ifn+ 1 ¢ F then F is covered already by Al and B¢. If

¢ F and F intersects both C and Xn\C then F contains m—suésets con-
ng n + 1 and intersecting C with prescribed parity. If F = Xn\CtJ{n+l}
F ¢ B¢ since Xn\C € B], and F € Af since for each c ¢ C: (Xn\CU{c})) U
1} ¢ A. [Note that 0 is even.]
Finally, if F = C u {n+1} then F contains m-subsets C and (C\{c}) U
1}; one belonging to A and the other to B (depending on the parity
. If m is even then C € A and (C\{c}) u {n+1} € B, and if m is odd
C e B and (C\cl) u {n+1} e A.
Flnally we have to prove that both A" and BY cover Vn+l,m_1. Let
m-1. If n+ 1 ¢ F then F is covered already by A1 and Bt. 1f
¢ F then F is contained in m-supersets containing n + 1 and inter-—

ng C with prescribed parity. [

OF THE THEOREM. The previous propositions provide antichains with

d 2 for all n except n = |1 and n = 3. On the other hand, we saw in

ntroduction that for these values of n only the periods 3 resp. 5

O

KS AND QUESTIONS

The above construction produces a partition of all m-tuples into two
. in such a way that never all m-tuples contained in a (m+l)-tuple lie
le same part. Therefore n must be less than the Ramsey number

,m+1; m).

LARY. For all m:




N(m+l,m+l;m) > 2m + 1;
2 2 then
N(m+l,m+1;m) = 2m + 2.

may be compared with the wvalues N(1,1;0) = 1, N(2,2;1) = 3,
:2) = 6, N(4,4;3) = 13.]

conversely, this agreement provides an upper bound for the n
that there exists a pair of dual antichains, each contained

>me k. (For example: such a pair can be contained in Y on

n,2
In other words, one cannot have arbitrarily large pairs of

5 consisting entirely of pairs or of triples etc. On the oth
shown by the example of triples for n = 9, it is possible t

1ains of period 2 in Y for k < [n/2].

n,k
The question remains whether there exist antichains with per

ined in some Vn The propositions below give some results

N
tion.

SITION 5. Let A and B be a pair of dual antichains.
rax{|A||A ¢ A} = max{|B||B ¢ B}

1iun{|A||A € A} = min{|B||B ¢ B}.

. Let ]Aol = max{lA]]A e A}, where A0 e A.

: A0 then AO e A =gvemn implies AO\{a} ¢ B+C, i.e. AO\{a}
t ¢ B since A u B is an antichain, so max{[BIlB ¢ B} = max{].

metry we are through. [

SITION 6. Let A and B be a pair of dual antichains on n poin
= min{lA]lA e A} = min{IBIIB e B}. Then

A _ 4
(AmVn’k) \(AnVn’ ) = (Bnyn’k) \(Bnyn ).

k sk

Obvious. g
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BECE/C
H/EFI
ACH/L

FGH/E
EGh/B
ACG/A
FHI/F
CEG/C
AFG/A
GHI/F
BGI/E

ACH/A

0Dz

0D

OC:

GAC/A
I/DFH

DFI/D
BDH/E

DGI/D
BEI/B

ADH/A
EFH/D

BEDI/E

‘ABD/

]

/DEA/EFE/F
FI/AHI/CHI

/CFG/CEI/C
/AGI/AFI/A

/DEH/DEF/C
/BEDF/BLE/R
'/ACE/ACD /A
/CHI/CFG/C
/AHI/AGI/A

D/AER/ABI/CLE/CL
‘GhI/AGI/CELI/DBFI/

‘H/CCC/CLF/
F/AUG/ADE/

H/CFI/CFRH/
H/BCG/BCD/
sF/ARBC/

t1/CDH/CLG/
‘H/AEF/ACG/






